The angular spectrum of plane waves representation of the freely propagating electromagnetic field in the halfspace z z of a homogeneous, isotropic, locally linear, temporally dispersive medium is employed to describe the polarization properties of the field throughout the half-space z > z in terms of the polarization behavior of either field vector on the plane at z = z. Both the spatial and the temporal dependence of the initial field vectors on this plane are assumed to be known but are otherwise arbitrary functions of the transverse position vector rT and time t on that plane. The general relationship between the electric and the magnetic polarization ellipses is obtained, along with the general orthogonality relations between the field vectors. Finally, the conditions under which either or both field vectors may be uniformly polarized are described.
INTRODUCTION
Let the field vectors on the plane z = z, denoted by
The usual treatment of the polarization properties of the electromagnetic field 4 is restricted to the special case of a time-harmonic plane-wave field. This restriction has, in part, been removed by Nisbet and Wolf' for the case of linearly polarized, time-harmonic waves of arbitrary form and, more recently, by Fainman and Shamir 6 in an analysis of the effects of polarizers on nonplanar wave fronts. The analysis of the properties of a general, freely propagating electromagnetic field is presented in this paper by using the angular spectrum of plane waves representation. 7 ' 3 The term freely propagating is used here to indicate that there are no externally supplied charge or current sources for the field in the region of space under consideration. This should not be confused with a free field whose externally supplied sources have all been turned off 78 (a general description of the angular spectrum of plane waves representation for both radiation and free fields may be found in this referenced body of work) or with a source-free field whose plane-wave expansion contains only homogeneous waves." The type of field considered here is more general than that of a source-free field in that it may contain both homogeneous and inhomogeneous plane-wave spectral components. In addition, the analysis of the present paper allows for the more general situation in which the electromagnetic field is pulsed in time and is propagating in a general temporally dispersive and absorptive dielectric medium with a frequencydependent conductivity. A related analysis for the time-harmonic case has been presented by Borgiotti 9 for obtaining a given behavior of polarization in the radiation pattern that is due to an aperture antenna.
Consider an electromagnetic field that is propagating into the source-free half-space z z > 0 of a homogeneous, isotropic, locally linear, temporally dispersive medium with a (complex-valued) frequency-dependent dielectric permittivity (co) and electric conductivity (w) and a (real-valued) constant magnetic permeability ItL.
(rT, zo, t) = Zo(rT, t), Oa(rT, zO, t) = ao(rT, t), (1.la) (1.lb) be known functions of time and the transverse position vector rT = 1x + yy in the plane at z = z, as illustrated in Fig. 1 . The source of this field resides somewhere in the region z < z. The angular spectrum representation of the freely propagating electromagnetic field vectors throughout the half-space z z is then given by' Fig. 1 . Geometry of the boundary-value problem for the freely propagating electromagnetic field into the half-space z z occupied by a temporally dispersive medium with a (complex-valued) frequency-dependent dielectric permittivity e(co) and electric con-
the field; if not, then they are both Fourier transformations. In addition,
is the complex wave vector for propagation into the positive half-space z 2 z, with the associated complex wave number The z component of the complex wave vector appearing in Eq. (1.4) is defined by the principal branch of the expression Maxwell's equations require that the spatiotemporal spectra of the electric-and the magnetic-field vectors at is satisfied. Equations (1.9) and (1.10) are precisely the relations between both field vectors and the wave vector for a time-harmonic electromagnetic plane-wave field in a homogeneous, isotropic, locally linear, temporally dispersive, and conducting medium. The pair of integrands appearing in the angular spectrum representation is then seen to correspond to a harmonic electromagnetic plane-wave field that is propagating away from the plane z = zo at each angular frequency a) and wave vector k = kT + 1zy that is present in the initial spectra of the field vectors at that plane.
As a final point here, note that either of the boundary values given in Eqs. (1.9) for the electric-and the magnetic-field vectors may be expressed in terms of the spectrum of the current source ,1(r,t) that resides in the region z < z as
is the spatiotemporal Fourier-Laplace transform of the prescribed current source 1(r, t). With these relations the analysis of the polarization properties of the radiated field in the half-space z > z may be expressed in terms of the spectrum of the current source.
POLARIZATION ELLIPSE FOR THE COMPLEX FIELD VECTORS
From Eqs. (1.2) and (1.3) the angular spectrum of plane waves representation of the freely propagating electromagnetic field throughout the half-space z z may be
where the (complex) temporal frequency spectrum of each field vector has the angular spectrum representation
f_ Eo(kT,co)exp(ifk+ r+)dkdky
Here p(r, co) and q(r, co) denote the real and the imaginary parts, respectively, of the appropriate complex-valued field vector. With this substitution the pair of relations 
at a specific point r = r in space. Here V represents either Ve or Vm. As the time t progresses, the terminus of the time-periodic vector V(ro, t) describes an ellipse in the plane that is specified by the pair of vectors p(ro) and q(ro), as illustrated in Fig. 2 . The principal semiaxes of the polarization ellipse are defined by the real vectors a and b given by (2.9) and the principal semiaxes of the polarization ellipse at the observation point ro are given by'
112 }, (2.10b) Finally, the angle T which the major axis makes with the vector p, is given by tan T = -tan s, a (2.11) as illustrated in Fig. 2 . where r = 1x + yy + ,(z -z), z 2 z, is the position vector of the field observation point. Note that, with the relations given in Eqs. (1.9), the above pair of expressions may be expressed solely in terms of either Eo(kT,co) or Bo(kT, o), if desired. Here 
W(r+,co) = 1 Wo(rTc o) x h(x -x',y -y'; z,co)dx'dy', (2.22)
and the polarization state for this field vector remains unchanged throughout the half-space z 2 zo. Note that the condition given in Eq. (2.20) requires that the vectors ao and bo and the phase constant spo all be independent of the angular frequency co. If this is not the case the polarization state of the field vector will evolve with time. In general, the condition given in Eq. (2.20) is not satisfied, so the state of polarization must refer to the electromagnetic-field behavior at a particular point in space and, in general, varies from point to point in the field.' In addition, at each point in space the state of polarization will, in general, vary with time.
RELATION BETWEEN THE ELECTRIC AND THE MAGNETIC POLARIZATION ELLIPSES
From Eqs. (2.2) and (2.6) the complex representation of the polarization ellipses for the temporal frequency spectra of the electric-and the magnetic-field vectors are given, respectively, by E(r, co) = pe(r, co) + iqe(r, co) = e(r, co)exp[ioe(r, co)], and the magnetic-field vector will, in general, be e cally polarized, provided that a is spatially dependen is independent of r so that the electric-field vector if ormly linearly polarized throughout space, then V > 0, and the magnetic-field vector is also linearly pola As a consequence, the temporal frequency spectra electric-and the magnetic-field vectors are not, in eral, instantaneously orthogonal to each other; index (3.3d) or the 3. (3.1) ds the (3.4a) (3.4b) first shown by Nisbet and Wolf.' As a consequence, the temporal frequency spectra of the electric-and the magnetic-field vectors are not, in general, instantaneously orthogonal to each other. However, the long-time average of E(r, t; co) B(r, t; co), with E(r, t; to) = E(r, co)exp (-icot) and B(r, t; co) = B(r, o)exp(-ico)t), does vanish, since (E(r, t; c,) B(r, t; co) The fact that the quantity e (V e*) used in the above proof is real valued directly follows from the vector differ-
With v = e and w = e* and the fact that e x e* = 0, this identity yields the result e (V x e*) = e* (V x e), and roperThus the temporal spectra of the electric-and magneticfrom field vectors are on the average mutually orthogonal. each As a summary of these results, illustrated in Fig. 3 , it ctor is is first seen that the spatiotemporal frequency spectra a real-E(k, co) and B(k, co) of the electric-and the magnetic-field vectors are mutually orthogonal. The temporal frequency spectra E(r, t; c) and B(r, t; co) of these field vectors are not, in general, orthogonal but are on the average mutually orthogonal. Finally, from Eqs. (2.1) and the above re- which does not, in general, vanish. As was stated in Section 2, the state of polarization refers strictly to the electromagnetic-field behavior at a particular point in space and, in general, varies from point to point in the field. Even if the electric-field vector is everywhere linearly polarized in the same direction, the magnetic-field vector will, in general, be elliptically polarized, as was where ae and be are fixed vectors and qpe is a scalar constant. These vectors are not independent and must be oriented such that Eqs. (3.5) are satisfied. In particular, Eq. (3.5a) requires that
x (ae + ibe)exp(i(Pe), (4.2) co from which it is seen that the temporal fequency spectra of the electric-and the magnetic-field vectors of a completely uniformly polarized field are orthogonal.
Although this is not necessary, the complex vectors (ae + ibe) and (am + ibm) may be chosen to be normalized In addition, the space-time forms of the initial field vectors are given by Zo(rT, t) =-1e(a + ibe)exp(iqe) JE0(rT, c)0 Hence the propagated field vectors are seen to be everywhere orthogonal when the electric-field vector is uniformly polarized. However, the magnetic-field vector is not, in general, uniformly polarized because of its directional dependence on the complex wave vector k+(co), which causes the orientation of the magnetic-field polarization ellipse to vary in both space and time. In order that the magnetic-field vector also be uniformly polarized, the spectral quantity k+(co)Eo(kT, co) must have a fixed direction independent of c; this in turn implies that the initial field amplitude E(rT, co) must be independent of some coordinate direction. where am and bm are fixed vectors and 'Pm is a scalar constant. The propagated field vectors in this case are then found to be given by
(4.8a) (4.8b) The propagated field vectors are again seen to be everywhere orthogonal; however, the electric-field vector is not, in general, uniformly polarized. In order that both field vectors be uniformly polarized, Eqs. (4.6b) and (4.8b) must both be satisfied, so that e f dco 1 dkdky exp[i(k+ * r+ -cot)] The situation that results when m = 0 precludes propagation into the half-space Az > 0 and so is not of interest here. Hence q = q 0 , and the field itself must then be independent of the y coordinate. As another example, let the uniformly polarized electric field be circularly polarized in the xy plane so that a = lx, be = ly, and p and q must both be fixed (i.e., p = po, q = qo) for the magnetic-field-polarization ellipse to be uniform. Since am2 = 1 -po 2 and b 2 = 1 -q 0 2 , the magnetic field is elliptically polarized in general, and it is circularly polarized if po = q 0 . In either case, the field itself is independent of both the x and the y coordinates. In general, the requirement that both field vectors be uniformly polarized demands that the field be independent of some coordinate direction.
SUMMARY
The angular spectrum of plane waves representation of the freely propagating electromagnetic field in the halfspace z 2 Zo of a homogeneous, isotropic, locally linear, temporally dispersive medium has been used to describe the polarization properties of the field throughout the half-space z > z in terms of the polarization behavior of either field vector on the plane at z = z. Although the spatiotemporal frequency spectra of the electric-and the magnetic-field vectors are mutually orthogonal, the temporal frequency spectra of these field vectors are not, in general, orthogonal at any fixed point in the half-space but are on the average mutually orthogonal. Furthermore, the electric-and the magnetic-field vectors (r, t) and R(r, t) are not, in general, orthogonal, and neither is their time average. Finally, the requirement that both field vectors be uniformly polarized demands that the field be independent of some coordinate direction. It is clear that these results provide a useful framework for the description of the evolutionary properties of pulsed electromagnetic beam fields in a temporally dispersive medium.
